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ABSTRACT

In this paper we proceeded to take up a new approach of non-
linear Wiener filtering. This approach is based on the theory of
reproducing kernel Hilbert spaces (RKHS). By means of the well-
known “kernel trick”, the arithmetic operations are carried out in
the initial space. We show that the solution is given by solving a
linear system which may be ill-conditioned. To find a solution for
such problem, we resorted to kernel principal component analysis
(KPCA) method to perform dimensionality reduction in RKHS. A
new reduced-rank Wiener filter based on KPCA is thus elaborated.
It is applied on magnetoencephalographic (MEG) data for cardiac
artifacts extraction.

1. INTRODUCTION

We consider a filter, every material or programmed structure ap-
plied to a quantity of interest in order to extract significant infor-
mation in the meaning of a given criterion. These data may for
example come from noisy sensing devices, or also be issued from
communication channels subject to perturbations. The canonical
form of the filtering problem is proposed in Fig. 1. It comprehends
an input x(n) and a desired output d(n), supposed to be centered
and real without loss of generality. We note e(n) = d(n) − y(n)
the committed error. The requirement is the selection of a model
w and the implementation of an operational technique enabling
the determination of its parameters by the optimization of a per-
formance criterion. Wiener theory is applied to jointly wide-sense
stationary processes and consists in finding the linear structure [1]

y(n) =

N−1∑
i=0

wi x(n − i) (1)

minimizing the variance of the error. By introducing the following
vectorial notations

xn = [x(n), . . . , x(n − N + 1)]t

w = [w0, . . . , wN−1]
t,

the solution of the problem is obtained by solving the equations
E{xn(d(n) − wtxn)} = 0, where E{.} denotes the mathemat-
ical expectation. The previous expression may be written in the
compact matrix form

Rx w = Rxd (2)

+

-
x(n)

d(n)

e(n)
y(n)w

Fig. 1. Block diagram and notations.

with Rx and Rxd designating E{xn xt
n} and E{d(n) xn}.

We must have noticed that the linear character of the filter fa-
cilitates its elaboration, to the detriment of its capacity to give sat-
isfactory solution to every problem. To overcome such limit, while
keeping a comparable structure to (1), we can map the observation
xn in a high-dimensional feature space by means of a nonlinear
application φ(·) and then consider the filter y(n) = wtφ(xn). As
previously, w can be determined by solving Wiener-Hopf equa-
tions defined from

E{φ(xn)(d(n) − wtφ(xn))} = 0. (3)

For the elaboration of a 2nd order polynomial filter for example,
this basic concept advocates the implementation of a linear filter
operating on the observation φ(xn), constituted of the components
of xn and their 2nd order products. The number of parameters to
be estimated, equal to N(N + 3)/2 and already prohibitive with
regard to the relative simplicity of the filter, suggests practical dif-
ficulties when such strategy is adopted without precautions. In the
field of pattern recognition, several results on reproducing kernel
Hilbert spaces (RKHS) made however analogous practices possi-
ble. By authorizing the synthesis of generalized linear structures
without ever explicitly evaluating the map φ(xn), these findings
reflected new perspectives within the framework of kernel meth-
ods, particularly with support vector machines [2], for classifica-
tion and regression problems.

The present paper studies the problem of nonlinear Wiener fil-
tering in RKHS. We show that the solution is provided by the res-
olution of a linear system that may be ill-conditioned. In order
to overcome such difficulty, we had recourse to kernel principal
component analysis (KPCA) method [3] which effects a dimen-
sionality reduction in RKHS. KPCA is a nonlinear extension of
principal component analysis (PCA) [4]. It has been successfully
applied in various fields, for instance in the context of object recog-
nition and text categorization. It is used in this paper, in a filtering



context, to derive a reduced-rank Wiener filter. The efficiency of
this algorithm is demonstrated on the problem of cardiac artifacts
extraction from magnetoencephalographic (MEG) data. However,
before getting on with these themes, some necessary prerequisites
on the theory of RKHS are to be firstly outlined.

2. RKHS AND MERCER’S CONDITION

Let H be a reproducing kernel Hilbert space consisting of map-
pings ψ from a signal space X to IR and let < · , · >H denote the
inner product defined on H. As the Riesz representation theorem
states, there is a unique function κ(·, y) of H which verifies the
following reproducing property:

ψ(y) = <ψ , κ(·, y)>H, ∀ψ ∈ H, (4)

for every fixed y ∈ X . A proof of this may be found in [5].
Here κ(·, y) is the representer of evaluation at y and κ(· , ·) is
the reproducing kernel associated with H. In particular {κ(·, x) :
x ∈ X} spans H and the inner product < · , · >H has just to be
defined on it. Denoting the function κ(·, x) by Φ(x), equation (4)
implies

κ(x, y) = <Φ(x) , Φ(y)>H, (5)

for all x, y ∈ X . The kernel κ then evaluates the inner product of
all the pairs of elements of X mapped to H, without any explicit
knowledge of either Φ or H. The key idea of the kernel technique
used in this paper, commonly known as the “kernel trick”, is to
choose a kernel κ rather than a mapping Φ for designing joint rep-
resentations in signal analysis. Of course, not every function κ can
serve as a kernel. According to the Hilbert-Schmidt theory [6], any
continuous symmetric function κ can be expanded as follows:

κ(x, y) =

∞∑
i=0

λi ψi(x) ψi(y), (6)

where λi and ψi are eigenvalues and eigenfunctions given by∫
κ(x, y) ψi(x) dx = λi ψi(y). (7)

A sufficient condition to ensure that κ is an inner product in a
Hilbert space H is that all the λi’s in (6) are positive. According
to Mercer’s theorem [7], this condition is achieved if, and only if,∫∫

κ(x, y) f(x) f(y) dx dy ≥ 0 (8)

for all f fulfilling
∫

f(x)2 dx < ∞. From (6), it is straightfor-
ward to construct a map Φ into a potentially infinite-dimensional
space which satisfies (5). For instance we may use Φ(x) =
[
√

λ0ψ0(x),
√

λ1ψ1(x), . . .]t. In the following, we give some
classical kernel examples, a more complete list may be viewed
in [2, 8].

Polynomial kernels: The polynomial kernel κ(x, y) = (β0 +
x · y)q , with β0 ≥ 0 and q ∈ IN∗, verifies Mercer’s condition.
This induces that it gives the inner product of the elements x and y
mapped by a function Φ(·). It can be shown that the components of
Φ(x) are monomials of degree less or equal to q, constituted of the
components of x. Because they are function of the inner product
x · y of the observations, such kernels are said to be projective.

Radial kernels: Radial kernels depend on ‖x−y‖. They have
received significant attention in the statistical and machine learn-
ing communities [2]. We count among them the gaussian kernel

defined by κ(x, y) = exp (−‖x − y‖2/β0), where β0 is the ker-
nel bandwidth. This kernel is characterized by a continuum of
eigenvalues which means that the components of Φ(x) are not
in limited number as for the polynomial kernel. Finally, we can
also mention in the family of radial kernels the Laplace kernel
κ(x, y) = exp (−‖x − y‖/β0).

Sigmoid kernels: We can construct a radial basis function net-
work by selecting the sigmoid kernel κ(x, y) = tanh(α0 (x·y)+
β0). Unlike the above-mentioned polynomial and radial kernels,
the reproducing property of κ depends on the selected parameters
α0 and β0. If they are not carefully chosen, this kernel surely does
not fulfill Mercer’s condition [3].

3. WIENER FILTERING IN RKHS

Let H be a reproducing kernel Hilbert space defined by a kernel κ.
We note Φ(x) the mapping function from X to H. We seek for a
function ψ of H minimizing the variance of the error between the
desired output d(n) and the filter output, presently defined by

y(n) = <ψ , Φ(xn)>H . (9)

Since it belongs to H, the function ψ can be written in the form

ψ =
∑

i

ai Φ(xi), ai ∈ IR, (10)

where X � {xi}i represents the filter inputs. Using (10), ex-
pression (9) can be easily expressed as a linear combination of the
reproducing kernels κ(xn, xi), which enables directly the appli-
cation of Wiener theory to determine the unknown parameters ai.
However, the serious difficulty found in formulation (10) is that
this latter is based on an unlimited sum of terms as well as an ex-
plicit knowledge of the space of observations X . This problem
may be bypassed by restricting our search for a solution ψ to a
subspace HM ⊂ H of dimension M , thus spanned by the func-
tions {Φ(xi)}0≤i≤M−1. The elements xi are M observations of
the input x, playing in consequence the role of training basis. In
these conditions we have

ψ =

M−1∑
i=0

ai Φ(xi). (11)

Combining (9) and (11), we get the dual formulation y(n) =∑M−1
i=0 ai κ(xn, xi), where the parameters ai are to be deter-

mined in order to minimize the variance of the error e(n). We
notice that this expression is not explicitly based on the analytical
expression of Φ(·). It is implicitly defined by the choice of a re-
producing kernel κ. For example, the use of the polynomial kernel
κ(x, y) = (1+x ·y)q leads to a Volterra filter of degree q, whose
dual formulation is provided by y(n) =

∑M−1
i=0 ai (1+xn ·xi)

q .
This latter does not need the evaluation of Φ(xn). Remember that
the components of Φ(xn) are products of degree less or equal to
q composed of the components of xn. Finally, the solution of
the problem is obtained by solving an analogous system to (2) in
which κ̃(xn) = [κ(xn, x0), . . . , κ(xn, xM−1)]

t is substituted to
xn. It is noted

Rκ̃a = Rκ̃d . (12)

We should notice that the number of parameters to be esti-
mated is independent from the complexity of the filter, which
is characterized by the polynomial degree in the particular case



of Volterra filter. The advantage of linear-in-the parameters es-
timation remains. In practice, the correlation matrices Rκ̃ and
Rκ̃d are unknown. They must be replaced by their estimates,
which can be computed easily from the vectors {κ̃(xi)}0≤i≤M−1

and the corresponding desired responses {d(i)}0≤i≤M−1 by
the relations: R̂κ̃ = 1

M

∑M−1
i=0 κ̃(xi)κ̃

t(xi) = 1
M

KtK

and Rκ̃d = 1
M

∑M−1
i=0 d(i)κ̃(xi) = 1

M
Ktd, where K =

[κ̃(x0), . . . , κ̃(xM−1)]
t and d = [d(0), . . . , d(M − 1)]t. Conse-

quently we have

a = (KtK)−1Ktd = K−1d. (13)

The last equality results from the fact that K is symmetric.

4. REDUCED-RANK WIENER FILTER

The resolution of the previous equation requires a matrix inver-
sion. The solution is numerically unstable if the matrix K is
ill-conditioned. In this section, we describe a new algorithm for
Wiener filtering in order to tackle such difficulty. The fundamental
idea consists of two steps. First we project the function Φ(xn) in
a reduced-dimensional space and then we perform Wiener filtering
in the reduced space. An efficient method for dimensionality re-
duction in RKHS is KPCA [3]. This method, which is a nonlinear
extension of PCA, constructs an orthogonal projection of Φ(xn)
that preserves most of its important characteristics (measured by
the variance). This projection is determined from the eigenvectors
of the correlation matrix in H, estimated by

R̂Φ =
1

M

M−1∑
i=0

Φ(xi)Φ
t(xi) =

1

M
ΦtΦ, (14)

where Φ = [Φ(x0), . . . , Φ(xM−1)]
t. We assume that∑M−1

i=0 Φ(xi) = 0 (A centering method in H can be found in [3]).
Therefore, the problem consists in finding the eigenvalues λ > 0

and the eigenvectors v ∈ H of R̂Φ satisfying

λv = R̂Φv. (15)

Replacing R̂Φ in (15) with its expression in (14) leads to

λv =
1

M

M−1∑
i=0

<Φ(xi) , v >H Φ(xi). (16)

As can be seen from (16), all eigenvectors with nonzero eigenvalue
must be in the span of {Φ(xi)}0≤i≤M−1. This can be written as

v =

M−1∑
i=0

aiΦ(xi) = Φta. (17)

Using this definition of v, expression (15) translates to

λΦta =
1

M
ΦtΦΦta. (18)

Premultiplying with (ΦΦt)−1Φ, equation (18) reads

Mλ(ΦΦt)−1ΦΦta = (ΦΦt)−1ΦΦtΦΦta, (19)

which is reduced to
Mλa = Ka. (20)

We note vi the ith eigenvector of R̂Φ corresponding to the nonzero
eigenvalue λi and ai the associated eigenvector of K . To ensure
that the eigenvectors vi have unit norm in the feature space, ai

should be divided by
√

Mλi (for details see [3]).
Let β(xn) be the projection of Φ(xn) on the whole set of

eigenvectors of R̂Φ. Denoting by V and A the matrices whose
columns are the eigenvectors of R̂Φ and K respectively, we have

β(xn) = V tΦ(xn) = Atκ̃(xn). (21)

The last equation is derived using (17). We seek presently to de-
termine the Wiener filter operating on β(xn). The output of the
filter is defined by y(n) = β(xn)tw, where w is the unknown
parameter vector. According to (13) , w is provided by

w = (BtB)−1Btd, (22)

where B = [β(x0), . . . , β(xM−1)]
t. We notice that BtB is a

diagonal matrix. Indeed we have

BtB = V tΦtΦV = Λ, (23)

where Λ = diag(Mλ0, . . . , MλM−1). If we keep the whole set
of eigenvectors, the matrices K and Λ will have the same rank.
However, to avoid numerical problems, eigenvectors associated to
the smallest eigenvalues Mλi of K should be discarded.

5. APPLICATION TO MEG SIGNALS DENOISING

We validated the previous approach on the problem of cardiac ar-
tifacts extraction from MEG data. MEG recordings are usually
contaminated by external undesired interferences. In particular
cardiac artifacts, generated by the heart activity, may present se-
rious problems for MEG data analysis. They can be several times
stronger in magnitude than MEG signals and may severely inter-
fere with relevant information extraction. MEG were recorded
from the temporal area and the electrocardiographic (ECG) sig-
nal was measured simultaneously. The sampling frequency was
256 Hz for both signals. ECG was used as a reference signal (in-
put of the kernel reduced-rank Wiener filter). The MEG signal
(corrupted by ECG) was used as the desired output, so the residue
(whose power is minimized) is the denoised MEG signal. Two im-
plicit data transformations were considered by selecting the gaus-
sian and linear kernels. The latter serves here as a reference by
implementing a reduced-rank linear Wiener filter. In order to mea-
sure the signal to noise ratio enhancement by direct calculation of
the denoised signal power, MEG data were normalized to unit vari-
ance. Three databases of 3000 samples were constituted for train-
ing, cross validation and testing, respectively. The optimum filter
parameters, i.e., the dimension of the input vector N , the kernel
bandwidth β0 and the number of eigenvectors P , were determined
so as to minimize the residue power on the cross-validation set.
The filter performance was evaluated on the testing set. On Fig. 2
we reported the results obtained on the testing set for both gaus-
sian and linear kernels. The gaussian kernel induces better per-
formance than the linear kernel (the residue power equals 0.887
with β0 = 36.98, N = 16 and P = 12 to be compared with
0.922 with the linear kernel where N = 15 and P = 14). We
depicted in Fig. 3 the residue power as a function of the number of
eigenvectors.
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(b) Linear kernel

Fig. 2. Comparison of the results obtained by kernel reduced-rank Wiener filter with gaussian kernel (a) and linear kernel (b). S1: Corrupted
MEG. S2: Denoised MEG. S3: Estimated ECG contribution in MEG signal. S4: ECG reference signal.
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Fig. 3. Residue power as a function of the number of eigenvectors for both gaussian (left curve) and linear (right curve) kernels.

6. CONCLUSION

We highlighted in this paper an efficient approach of nonlinear
Wiener filtering that relies on the theory of RKHS. Similarly to
the classical Wiener filter, this method leads to the resolution of a
linear system that may suffer from ill-conditioning. To solve this
problem, we described a new algorithm for Wiener filtering ex-
ploiting KPCA method to effectuate a dimensionality reduction in
RKHS. The efficiency of this algorithm has been proved on MEG
data. To complete this work, we should extend it to nonlinear adap-
tive filtering.
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